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A SHORT PROOF OF THE METRIZABILITY OF F-METRIC
SPACES
SUMIT SOM1, LAKSHMI KANTA DEY2
Abstract. The main purpose of this manuscript is to provide a short proof of the
metrizability of F-metric spaces introduced by Jleli and Samet in [3, Jleli, M. and
Samet, B., On a new generalization of metric spaces, J. Fixed Point Theory Appl.
(2018) 20:128].
1. Introduction
Recently, Jleli and Samet [3] proposed a new generalization of usual metric space
concept. By means of a certain class of functions, the authors defined the notion of
an F-metric space. Firstly, we will recall the definition of such kind of spaces. Let F
denote the class of functions f : (0,∞)→ R which satisfy the following conditions :
(F1) f is non-decreasing, i.e., 0 < s < t⇒ f(s) ≤ f(t).
(F2) For every sequence {tn}n∈N ⊆ (0,+∞), we have
lim
n→+∞
tn = 0⇐⇒ lim
n→+∞
f(tn) = −∞.
Now due to Jleli and Samet, the definition of an F-metric space is as follows:
Definition 1.1. [3] Let X be a non-empty set and D : X × X → [0,∞) be a given
mapping. Suppose there exists (f, α) ∈ F × [0,∞) such that
(D1) D(x, y) = 0⇐⇒ x = y ∀ (x, y) ∈ X ×X.
(D2) D(x, y) = D(y, x), ∀ (x, y) ∈ X ×X.
(D3) For every (x, y) ∈ X × X, for each N ∈ N, N ≥ 2 and for every (ui)
N
i=1 ⊆ X
with (u1, uN ) = (x, y), we have
D(x, y) > 0 =⇒ f(D(x, y)) ≤ f
(
N−1∑
i=1
D(ui, ui+1)
)
+ α.
Then D is said to be an F-metric on X and the pair (X,D) is said to be an F-metric
space.
In our earlier manuscript [4], we have already proved that this new generalization of
metric space is indeed metrizable by a metric d : X ×X → R defined as follows
d(x, y) = inf
{
N−1∑
i=1
D(ui, ui+1) : N ∈ N, N ≥ 2, {ui}
N
i=1 ⊆ X with (u1, uN ) = (x, y)
}
.
(1.1)
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In that proof, we showed that τ = τF where τ denotes the topology generated by d in
1.1 and τF denotes the topology generated by the F-metric D. We also showed that the
notions of Cauchy sequence, completeness, Banach contraction principle are equivalent
to that of usual metric spaces. In this manuscript, we will give a very short proof of
the metrizability of F-metric spaces. We use Chittenden’s metrization theorem [1] in
our proof. Further, for more details one can see [2].
Before proceeding to our main result, we first recall the metrization result due to
Chittenden [1]. Let X be a topological space and F : X ×X → [0,∞) be a distance
function on X. If the distance function F satisfies the following conditions:
(i) F (x, y) = 0⇐⇒ x = y ∀ (x, y) ∈ X ×X.
(ii) F (x, y) = F (y, x), ∀ (x, y) ∈ X ×X.
(iii) (Uniformly regular) For every ε > 0 and x, y, z ∈ X there exists φ(ε) > 0 such
that if F (x, y) < φ(ε) and F (y, z) < φ(ε) then F (x, z) < ε
then the topological space X is metrizable.
2. Main Result
In this section, we will provide a short proof of the metrizability of F-metric spaces.
Theorem 2.1. Let X be an F-metric space with (f, α) ∈ F × [0,∞). Then X is
metrizable.
Proof. Let X be an F-metric space with (f, α) ∈ F × [0,∞). By the definition of
an F-metric space, the distance function D : X × X → [0,∞) satisfies the first two
conditions of Chittenden’s metrization result i.e,
(i) D(x, y) = 0⇐⇒ x = y ∀ (x, y) ∈ X ×X;
(ii) D(x, y) = D(y, x), ∀ (x, y) ∈ X ×X.
Now we will prove the third condition i.e., the ‘uniformly regular’ condition. Let ε > 0
and x, y, z ∈ X. If x = z, then D(x, z) = 0. So in this case φ(ε) = c where c is any
positive real number will serve the purpose. Now let x 6= z. Then D(x, z) > 0. So by
the definition of an F-metric space we have,
f(D(x, z)) ≤ f(D(x, y) +D(y, z)) + α. (2.1)
Now by the F2 condition, for (f(ε) − α) ∈ R there exists δ > 0 such that 0 < t < δ ⇒
f(t) < f(ε) − α. Now let us choose φ(ε) = δ
2
. If D(x, y) < δ
2
and D(y, z) < δ
2
then
D(x, y) +D(y, z) < δ. So by the equation 2.1, we have
f(D(x, z)) < f(ε)
⇒ D(x, z) < ε.
This shows that the distance function D of an F-metric space satisfies the uniformly
regular condition. Consequently, by Chittenden’s metrization result we can conclude
that the F-metric space X is metrizable. 
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